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Abstract

This paper presents a backward stable preprocessing technique for (nearly) ill-posed semidef-
inite programming, SDP, problems, i.e., programs for which Slater’s constraint qualification,
existence of strictly feasible points, (nearly) fails.

Current popular algorithms for semidefinite programming rely on primal-dual interior-point,
p-d i-p methods. These algorithms require Slater’s constraint qualification for both the primal
and dual problems. This assumption guarantees the existence of Lagrange multipliers, well-
posedness of the problem, and stability of algorithms. However, there are many instances of
SDPs where Slater’s constraint qualification fails or nearly fails. Our backward stable prepro-
cessing technique is based on finding a rank-revealing rotation of the problem followed by facial
reduction. This results in a smaller, well-posed, nearby problem that can be solved by standard
SDP solvers.
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1 Introduction

The aim of this paper is to develop a backward stable preprocessing technique to handle (nearly)
ill-posed semidefinite programming, SDP, problems, i.e., programs for which Slater’s constraint
qualification, existence of strictly feasible points, (nearly) fails. The technique is based on finding
a rank-revealing rotation of the problem followed by facial reduction. This results in a smaller,
well-posed, approximately equivalent problem that can be solved by standard SDP solvers.

In particular, we study SDPs of the following form

(P) vp = sup{bly : Ay < c}, (1.1)

where the optimal value vp is finite, b € R™, ¢ € S, and A : S — R™ is an onto linear
transformation from the space S™ of n X n real symmetric matrices to R™. The adjoint of A is
A*y = >y A, where A; € S",i = 1,...,m. The symbol < denotes the Lowner partial order
induced by the cone S7 of positive semidefinite matrices, i.e., Ay X ¢ <= c— A"y € Sz‘_.l If (P)
is strictly feasible, then one can use standard solution techniques; if (P) is strongly infeasible, then
one can set vp = —oo, e.g., [20, 25, B8, BI]. If neither of these two feasibility conditions can be
verified, then we apply our preprocessing technique that finds a rotation of the problem that is akin
to rank-revealing matrix rotations. (See e.g., B4l BY] for equivalent matrix results.) This rotation
finds an equivalent (nearly) block diagonal problem which allows for simple strong dualization by
solving only the most significant block of (P), for which Slater’s condition (strict feasibility) holds.
This is equivalent to restricting the original problem to a face of S, i.e., the preprocessing can be
considered as a facial reduction of (P). Moreover, it provides a backward stable approach for solving
(P) when it is feasible and the Slater constraint qualification (CQ) fails; and it solves a nearby
problem when (P) is weakly infeasible.
The Lagrangian dual to ([ITJ) is

(D) vp = inf {{c,z) : Ax = b,z = 0}, (1.2)

where (c,z) = tracecx = ). ¢;jz;; denotes the trace inner product of the symmetric matrices ¢
and z; and, Ax = ((4;,z)) € R™. Weak duality vp > vp follows easily, e.g., for any primal-dual
feasible points y, x, we get (c,z) > (A*y,z) = (y, Ax) = (y,b). The usual constraint qualification
(CQ) used for (P) is the Slater condition, i.e., strict feasibility A*y < ¢ (or ¢ — A*y € ST, the
cone of positive definite matrices). If we assume Slater’s CQ holds and the primal optimal value
is finite, then strong duality holds, i.e., we have a zero duality gap and attainment of the dual
optimal value. Strong duality results for ([LI]) without any constraint qualification are given in
B, 6l [7 B3] and [27, 28], and more recently in [29, H0]. Related closure conditions appear in [23];
and, properties of problems where strong duality fails appear in [22].

Many popular algorithms for (P) are based on Newton’s method and a primal-dual interior-
point, p-d i-p, approach, e.g., the codes (latest at the URLs in the citations) CSDP, SeDuMi,
SDPT3, SDPA [, B6l, B2, B7]; see also the
SDP URL: www-user.tu-chemnitz.de/ helmberg/sdp_software.html.

To find the search direction, these algorithms apply symmetrization in combination with block
elimination to find the Newton search direction. The symmetrization and elimination steps both

'Note that the cone optimization problem () is commonly used as the dual problem in the SDP literature,
though it is often the primal in the Linear Matrix Inequality (LMI) literature, e.g., [§].
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result in ill-conditioned linear systems, even for well conditioned SDP problems, e.g., [9, 44]. And,
these methods are very susceptible to numerical difficulties and high iteration counts in the case
when Slater’s CQ nearly fails, see e.g., [I0, [T, 02, [3]. Our aim in this paper is to provide
a regularization process for problems where strict feasibilty (almost) fails. Related papers on
regularization are e.g., [I6, 21]; and papers on high accuracy solutions for algorithms SDPA-GMP,-

QD,-DD are e.g., [48].

1.1 Outline

We continue in Section with preliminary notation and results for cone programming. Section
presents the theoretical background and tools needed for the facial reduction algorithm. This
includes results on strong duality and theorems of the alternative in Section Il A stable auxiliary
problem for identifying faces containing the feasible set is presented and studied in Section 23l An
outline of the facial reduction using a rank-revealing rotation process is given in Section Bl

Sensitivity analysis and backward stability results are presented in Section El Preliminary
numerical tests, as well as a technique for generating instances with a finite duality gap useful
for numerical tests, are given in Section Bl We conclude with remarks in Section B (An index is
included to help the reader, see page H{l)

1.2 Preliminary definitions

Let K be a (closed) convex cone, i.e., AK C K,VA > 0, and K + K C K. K is pointed if
K n(—K) = {0}; K is proper if K is pointed and int K # {); the polar or dual cone of K is
K*={¢:{(¢d,k) > 0,Yk € K}.  We denote by =<k the partial order with respect to K. That
is, x1 =<K T2 means that xo — x1 € K. We also write 1 < =9 to mean that o — x1 € int K. In
particular, K = S" yields the partial order induced by the cone of positive semidefinite matrices
in S", i.e., the so-called Lowner partial order. We denote this simply with <y for y — 2z € S'}.
cone (S) denotes the convex cone generated by the set S. In particular, for any non-zero vector
x, the ray generated by x is defined by cone (x). The ray generated by s € K is called an extreme
ray if 0 <g u =<k s implies that u € cone (s). The subset F' C K is a face of the cone K, denoted

FJAK,if
(s€ F,0 =g u=<kgs) = (cone(u) CF). (1.3)

Equivalently, FF < K if F is a cone and (z,y € K, 3(z +y) € F) = ({z,y} C F). If F < K but
is not equal to K, we write FF < K. If 0 # F < K, then F is a proper face of K. (Similarly, S; C S
denotes a proper subset, i.e., S; C S3,51 # S3.) For S C K, we let face(S) denote the smallest face
of K that contains S. A face F'<K is an exposed face if it is the intersection of K with a hyperplane.
The cone K is facially exposed if every face F' < K is exposed. If F' < K, then the conjugate face
is [ :== K* N {F}*. Note that the conjugate face F€ is exposed using any s € relint F' (where
relint S denotes the relative interior of set S), i.e., F¢ = K*N{s}*,Vs € relint F. In addition, note
that S7 is self-dual (self-polar) and it is facially exposed. For the general cone problem, the linear
transformation A maps between two Euclidean spaces A: YV — W, and K C V.
Denote the feasible solution and slack sets of ([[Il) and (L&) by Fp = F = {y : A*y < c},
b=1{2: z2=c— A"y = 0}, and Fp = {x: Az =0b, x = 0}, respectively. The minimal face of
([T is the intersection of all faces of K containing the feasible slack vectors:

fr=nN{HIK : ¢c— A*(Fp) C H} = face(c — A*(Fp)).
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Here, A*(Fp) is the linear image of the set Fp under A*.

We denote the triangular number t(n) := n(n + 1)/2, and for S € S™, we define s2vec(S) €
RY™ to be the vector formed, columnwise, from the upper-triangular part of S where the strict
upper-triangular part is multiplied by /2. Therefore, s2vec is an isometry from S™ to R{™. The
inverse (and adjoint) is s2Mat = s2vec* = s2vec™!. We let ¢; denote the i-th unit vector and
E;j := %(eie;f + ejel’) are the unit matrices in S™. The linear transformation A : S* — R™ can
be expressed as

Az = (trace A;x) = (SQVGC(AZ')T s2vec(z)) € R™,
for specific A; € §",i = 1,...,m. We let ||A]2 denote the spectral norm of A and  define
the Frobenius norm (Hilbert-Schmidt norm) of A as || Allp = />, | 4i[|%. Alternatively, if

AT = [s2vec(Ay) ... s2vec(Ap)], i.e., A is the matrix with rows s2vec(4;)”, then
Umax(A) - 2
[All2 = omax(A), cond(A) = Tom(A)’ lAllF = (| D 02(A) = Virace AT 4,
min i=1

where o; denotes the i-th singular value. Unless stated otherwise, all matrix norms in this paper
are Frobenius norms. Then, e.g., [Il, Chapter 5], for any s € S™,

[ Aslla < [lAll2]ls][r < [lAllF[s]|F- (1.4)

All vector norms are assumed to be 2-norm, unless stated otherwise.
The following easily-proven result presents the effect of shifting the dual objective function
coefficients ¢ by an element from R(A*). This allows us to shift so that ¢ € N'(A*) (done below).

Lemma 1.1. Suppose that the optimal value vp for [LI) is finite, and let y € R™. If ¢ is replaced
by ¢ = ¢ — A*y, then the optimal value is shifted to v, — (b,y). Moreover, if vp is attained in (LCI))
at the optimum y*, then the optimum is shifted to w* =y* —y. W

We summarize our assumptions in the following.

Assumption 1.2. Fp # 0; A is surjective.

2 Theory

We now present the theoretical tools that are needed for the facial reduction algorithm. This
includes the well known results for strong duality, the theorems of the alternative to identify strict
feasibility, a stable subproblem to apply the theorems of the alternative, and the backward error
analysis for the output of the stable subproblem.

2.1 Strong duality for cone optimization

We first summarize some results on strong duality for the conic convex problem in the form ([TI).
Strong duality for (IIl) means that there is a zero duality gap, vp = vp, and the dual optimal
value vp (C2) is attained. However, it is easy to construct examples where strong duality fails, see

e.g., 22, 28, 45] and Section B, below.
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It is well known that, in finite dimensional linear optimization (LP), strong duality fails only
if the primal problem and/or its dual are infeasible. In fact, in LP both problems are feasible and
both of the optimal values are attained (and equal) if, and only if, the optimal value of one of
the problems is finite. In general (conic) convex optimization the situation is more complicated,
since the underlying cone in the primal and dual optimization problems need not be polyhedral.
Consequently, even if a primal problem and its dual are feasible, a nonzero duality gap and/or
non-attainment of the optimal values may ensue unless some constraint qualification holds; see
e.g., B, BI]. More specific examples for our cone situations appear in e.g., [20], B0, Section 3.2],
and [B7, Section 4]. Applications that exploit the failure of Slater’s CQ for SDP relaxations appear
in e.g., 1L 2 T, 66, 511.

Failure of strong duality is problematic, since many classes of p-d i-p algorithms require not
only that a primal-dual pair of problems possess a zero duality gap, but also that the (generalized)
Slater constraint qualification holds for both primal and dual, i.e., that strict feasibility holds for
both problems. In [Bl B, [7], an equivalent strongly dualized primal problem

(SP) vp = vgp =sup{(b,y) : Ay =<5, c} (2.1)
is considered. Its Lagrangian dual is given by

(DSP) vpsp = inf{{c,z) : Az =0b, =y O}. (2.2)

Theorem 2.1 ([5]). Suppose that the optimal value vp is finite. Then strong duality holds for the

pair &) and @2, or equivalently, for the pair (LI) and @2); i.e., vp = vpsp and the dual
optimal value vpgp is attained. W

Remark 2.2. We can also close the duality gap from the dual side by writing a strongly dualized
problem involving the minimal face of (D) in [L2), and using the Lagrangian dual of this strongly
dualized problem. Alternatively, we can transform (D) into the form (P). This is best done using the
subspace formulations, see e.g., [{0]. Define a one-one linear transformation IC so that the range
of K and nullspace of A satisfy R(K) = N(A); and, let & be feasible for (D), Az = b,& > 0.
Then (Ax = b,x = 0) if, and only if, 0 <g © = T+ K(y), for some y. Thus we can rewrite the
constraint in (D) in the form (P) as —K(y) <k &. Moreover, one can strongly dualize the problem
using a minimal representation for the linear transformation A instead of (or together with) using
the minimal face of K, see [{0)].

An equivalent approach to the strongly dualized program (SP) in the SDP case is given using
an extended Lagrange dual (ELSD), [27, 28] and [Z9]. Similarly, there is an extended Lagrange
dual (ELSD) from the dual side. Whereas the strongly dualized primal (SP) and dual (DSD) are
Lagrangian duals of each other, this is not the case for (ELSD) and the primal (P) or (SP). As
a result, until this current work, it was not clear how to use interior-point methods in an effective
and efficient manner on (ELSD), e.qg., [20].

In addition, we note that when applying the algorithm to construct the minimal face, in order to
ensure direct correspondence between (DSP) and (ELSD), points in the relative interior of various
faces of the dual cone K* need to be computed. This was mentioned in [29, p. 650].



161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

2.2 Theorems of the alternative

Our reduction process is based on the following lemma that specializes [7, Theorem 7.1]. 2

Lemma 2.3 ([7]). Suppose that int (K) # O and Fp # 0. Then exactly one of the following two
systems is consistent:

1. Ad=0,0#d >k~ 0, and (c,d) = 0.
2. A*y <k c (Slater constraint qualification,).

Proof. We modify the proof from [7] for our special case. Suppose that § € Fp. Define the
vector-valued and real-valued functions g(y) = A*y — ¢ and ¢4(y) := (d,A*y — ¢). Note that
Vyga(y) = Ad.

Suppose that d satisfies the system in Item [ Then V,g4(9) = Ad = 0 and g4(y) = (Ad,y) —
(d,c) = 0 Vy. Therefore 7 is a global minimizer of the linear function g4(y), i.e., (d, A*(R™)—c) = 0.
Since 0 # d =g~ 0, this implies that the Slater CQ fails.

Conversely, suppose that the Slater CQ in Item B fails. We have int K # () and

0¢ (A" (R™) —c)+int K.
Therefore, we can find d # 0 to separate the set from 0, i.e.,
(d, (A*(R™) — ¢) + int K) > 0.

Therefore, g is again a global minimizer of g4(y), and the optimality conditions imply that this d
satisfies the conditions in ITtem [0 O

We have an equivalent characterization for the generalized Slater condition for the dual problem.
This can be used to extend our results to (D).

Corollary 2.4. Suppose that int (K*) # 0 and Fp # 0. Then exactly one of the following two
systems is consistent:

1. 0 # A*v =k 0, and (b,v) = 0.
2. Az = b,x =g~ 0 (generalized Slater constraint qualification).

Proof. Let K be a one-one linear transformation with range R(K) = N (A). Then, system B is
consistent if, and only if, there exists @, % such that Az = b and z = & + Ku =+ 0. This is
equivalent to —Ku <g+ &. Therefore, —IC, & play the roles of A*, ¢, respectively, in Lemma
Therefore, an alternative system is —K*z = 0,0 # 2 =k 0, and (%, 2) = 0. Since N (K*) = R(A*),
this is equivalent to 0 # z = A*v =k 0, and (&,z) =0, or 0 # A*v =k 0, and (b,v) = 0. O

We can extend the above Lemma to the cases where int K = (). We let 7T denote the
Moore-Penrose generalized inverse of 7.

2The result in |7, Theorem 7.1] involves a feasible set of the form {z € Q : g(x) <s 0} # 0, where  is a convex set,
S is a convex cone, and g is a S—convex function. Taking € to be the whole space R™, S =S} and ¢g(y) = A"y — ¢
yields the feasible set of ([[I)). In addition, the objective function in [ was minimized rather than maximized.
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Corollary 2.5. Suppose that int K =0, Fp # (), and ¢ € span(K). Then the linear manifold
Sy:={yeW:c— A"y € span(K)}
18 a subspace. Moreover, let P be a one-one linear transformation with
R(P) = (A (K - K).
Then exactly one of the following two systems is consistent:
1. P*Ad=0,0# d =g~ 0, d € span(K), and (c,d) = 0.
2. ¢ — A*y € relint K (generalized Slater constraint qualification).

Proof. Since ¢ € span(K), we get that 0 € Sy, i.e., S, is a subspace.

Let 7 denote an onto linear transformation acting on V such that the nullspace N (7) =
span(K)*, and 7* is an orthogonal linear transformation, i.e., 7* = 7T. Therefore, 7 is one-to-
one onto span(K). Then

Ay=gc <<= A'y=2xcand A"y K - K, sincece K — K
— (A*P)w <k ¢,y = Pw, for some w, by definition of P
— (TAP)w 27(x) Te,y = Lw, for some w, by definition of 7,

i.e., ([T is equivalent to
vp = sup{(P*b,w) : (TA"P)w Z7(x) T c}.
The corresponding dual is
vp :=inf {(Te,d) : (P*AT*)d = P*b, d =(7(x))- 0} .

By construction, int 7 (K) # (), so we may apply Lemma We conclude that exactly one of
the following two systems is consistent:

L (P*AT*)d =0, 0# d =(7(x))>+ 0, and (T¢c,d) = 0.

2. (TA*P)w <7y Tc (Slater constraint qualification).
The required result follows, since we can now identify 7*d with d € span(K), and 7¢ with ¢. 0O
Definition 2.6. The set of recession directions for [(L2) is

Rp = {d:Ad=0, d =g 0, {(c,d) = 0}. (2.3)

Of course R p consists of feasible directions along which the dual objective function is constant.
Note that Rp \ {0} is the set of points satisfying condition [ in Lemma 2233

Lemma 2.7. Suppose that the feasible set Fp # O for (L)), and let 0 # d € Rp. Then the minimal

face of () satisfies
frp<Kn{d}t K.

3The set Rp for K = S} is denoted U in [29].
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Proof. We have
0= <C7d> = <Cv d> - <~7:P7~’4d> = <C - A*(j:p),d>

Hence c— A*(Fp) C {d}*. Tt follows that fp C {d}*, or equivalently, fp C {d}*NK. The required
result now follows from the fact that fp is (by definition) a face of K, and d is nonzero. O

Remark 2.8. Ideally, we would like to find d € relint (F3)¢ = ((c + R(A*)) N K)°, since then we
have found the minimal face fp = {a@}L N K. This is difficult to do numerically. Instead, Lemma
[Z3 compromises and finds a point in a larger set d € (N'(A) N {c}* N K*)\{0}. This allows for the
reduction of K «+ K N{d}*. Repeating to find another d is difficult without the subspace reduction
using P in Corollary [ZZ. This emphasizes the importance of the minimal subspace form reduction
as an aid to the minimal cone reduction, [40].

A similar argument applies to the regularization of the dual as given in Corollary [24 Let
Fp =&+ N(A) N K*, where Az = b. We note that a compromise to finding z € relint (Fp)" =
(& +N(A)NK*S, fp = {2} N K" is finding z € (R(A*) N {&}+ N K)\{0}, where 0 = (z,2) =
(A*v, &) = (v,b).

2.3 Stable auxiliary subproblem

Each iteration of the facial reduction algorithm involves two steps. First, we apply Lemma 23 and
find a point d in the relative interior of Rp. Then, we project onto the span of the conjugate face
{d}* N K D f,. This yields a smaller dimensional equivalent problem. The first step to find d is
well-suited for interior-point algorithms if we can formulate a suitable conic optimization problem.
We now formulate and present the properties of a stable auxiliary problem for finding d. The
following is well-known, e.g., [A5].

Theorem 2.9. If the (generalized) Slater CQ holds for both primal and dual problems, then as the
barrier parameter u — 07, the primal-dual central path converges to a point (2,7, 8) such that & is
in the relative interior of the set of optimal solutions of (L) and (g, $§) is in the relative interior
of the set of optimal solutions of (LZ). M

Thus, if we can formulate a pair of auxiliary primal-dual cone optimization problems, each with
generalized Slater points such that the relative interior of Rp coincides with the relative interior
of the optimal solution set of one of our auxiliary problems, then we can design an interior-point
algorithm for the auxiliary primal-dual pair, making sure that the iterates of our algorithm stay
close to their central path (as they approach the optimal solution set) and generate our desired
x € relint(Rp). This is precisely what we accomplish next. Note that in the special case of
K =S, this corresponds to finding maximum rank feasible solutions for the underlying auxiliary
SDPs, since the relative interiors of the faces are characterized by their maximal rank elements.

Define the linear transformation A, : S* — R™*! by

({8 [

This presents a homogenized form of the constraint of ([LIl) and combines the two constraints in
Lemma 23 Ttem [ We choose e = ﬁ[ , where [ is the identity matrix of order n.



Consider the following conic optimization problem, which we shall henceforth refer to as the
auzxiliary problem.

valB™ = mings )
s.t. Ad|| <6
(AP) H(e d>||: 1 (2.4)
d > 0.

This auxiliary problem is related to the study of the distances to infeasibility in e.g., [24]. The
Lagrangian dual of (24 is

s%p inf 6 +~(1 —(d.e)) — {w,d) — <<f> 7 <Aid>>

wto,( )zgo
z (2.5)
= sup idng 01 —p) —(d, Arz + ve + w) + 7,

w=0, <ﬁ> =0
z

where Q refers to the second order cone. Since the inner infimum of {I) is unconstrained, we
get the following equivalent dual.

valp™ = sup, . vy
s.t. Az +ve+w =0
(DAP) w =0 (2.6)
2l < 1.
We define
0 := || Acel|-
A strictly feasible primal-dual point is given by
d=e, 6 >0, and z=0, vy=—-1, w=e, (2.7)

233 showing that the generalized Slater CQ holds for the pair 21)—EX3).
234 Observe that the complexity of solving (7)) is essentially that of solving the original dual (2).
235 Recalling that if a path-following interior point method is applied to solve (ZZl), one arrives at
236 a point in the relative interior of the set of optimal solutions, a primal optimal solution (6*,d*)
237 obtained is such that d* is of maximum rank possible.

Interestingly, finding 0 # d = 0 that solves A.d = 0 is equivalent to the SDP

infg ||d||

st Ad=0, (e,dy=1, d =0, (2.8)

238 a program for which the Slater CQ generally fails. (See item 2 of Theorem below.) This
230 suggests that the problem of finding the recession direction 0 # d > 0 that certifies a failure for
20 ([CJ)) to satisfy Slater condition may be a difficult problem, yet if such d exists, theoretically one
21 should be able to obtain a maximal rank solution d safely using a path-following interior point
22  method.

243 We now show how a solution of the auxiliary problem and its dual can be used to obtain useful
24 information about the original pair of conic problems.

10



25 Theorem 2.10. Assume that the feasible set Fp # (. Then both problems ) and Z3) satisfy
the generalized Slater CQ, both have optimal solutions, and their (nonnegative) optimal values are
equal. Moreover:

246

247

248

249

250

251

252

253

254

255

256

257

258

259

261

262

263

264

265

21

=3

6

267

1.

If 6* =0 and d* = 0, then Slater’s CQ fails for ([LTl) but the generalized Slater CQ holds for
(C2). In fact the primal minimal face and the unique primal optimal solution are

fr=A{0}, ¥ =(A)e

If 6 =0 and d* # 0, then Slater’s CQ fails for ([CI) and the minimal face satisfies

fp St N {d*}*+ asn. (2.9)

If 6* > 0, then Slater’s CQ holds for (LT). Let z* = (27,25,...,25,,.1) € R™L be an

optimal solution of 8. If z , > 0, then ¢ — > ", %Ai = e If 25 =0, then
m+

c— Y 2F A = 0 for sufficiently large X > 0.

)

. Moreover,

5" >0 «= N(A)NS" ={0}. (2.10)

Proof. A strictly feasible pair for ZZ)-Z0) is given in (). Hence both problems have equal

1.

optimal values and both values are attained.

Suppose that 6* =0 and d* > 0. It follows that A.(d*) = 0 and d* # 0, i.e., d* € Rp, where
Rp was defined in ([Z3)). It follows from Lemma BT that

fp < ST N{d} =STN((ST)")*F = {0}.

Hence all feasible points for ([[II) satisfy ¢ — A*y = 0. Since A is an onto mapping, we
conclude that the unique solution of this linear system is y = (A*)Te.

Since A is onto, there exists & such that Az = b. Thus, for every t > 0, A(Z + td*) = b, and
for t large enough, = + td* > 0. Therefore, the generalized Slater CQ holds for (C2).

. The result follows from Lemma 21

. If 6% > 0, then Rp = {0}, where Rp was defined in ([3). It follows from Lemma that

the Slater CQ holds for ([IT).

For any feasible solution (v, w,z) € R x ST x R™! of (&), we have zp, 10— > i, z4; = ve.
By strong duality, the optimal values of ([Z4) and (8] coincide, thus 2}, ¢ — > " 27 A; =

(3

0%e = 0. When 2, ., =0, c—A>", 25 A; = ¢ — Xd%e > 0 for sufficiently large A > 0.

1

4. This follows immediately from the definition of (AP) in (24I).

O

Since (0,d) = (Ace,e) is feasible for ([Z4)), the optimal solution of (24 satisfies 0* < 0, =

[[A(
the case that d, > 0.

ﬁ )||. Thus, in the case that . = 0, d* = e is optimal for ([ZZ]). The next lemma pertains to

11
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278

279

281

282

283

284

285

286

287

Lemma 2.11. Let 6. > 0. Then, one of the following three cases must occur.
1. If valB*® = valy™® = 0, then Slater’s CQ fails for ().

2. If 0 < walp™ = val i < 0¢, then Slater’s CQ holds for (CT). All primal optimal solutions d*
satisfy || Acd*|| = valB* and every optimal z* is of the form —A.d*/||A.d*| for some primal
optimal d*.

3. If val B = val5** = d., then all results in the previous case hold, and an optimal solution of
&) is given by d* = e. Moreover, this case occurs if, and only if, A and c satisfy

Af(Ace) = || Ace|? T (2.11)

Proof. 1. This case was discussed in the previous lemma.

2. It is clear that [[A.d*|| = 0* = valB**. Since a constraint qualification holds for ([Z4)-E3), a
necessary optimality condition for this pair is that the Jordan product of the vectors (§*, A.d*)

and (1, z*) be zero, i.e., these vectors lie in conjugate faces of the second-order cone. It follows
that 0*2* + A.d* = 0, giving 2* = —A.d*/||A.d*||.

3. In the case that valp'” = val5'* = o, clearly d* = e is optimal. Moreover, by complemen-
tarity slackness, w* = 0, so it follows from dual feasibility that AXz* + 6*I = 0. Using the
relation for z* proved in the previous part, we obtain (ZIII).

O

The relation in [ZTIT)) implies: if the assumptions in Case 3 in Lemma[ZI1 holds and {c,e) > 0,
then the point y = —ﬁ is strongly feasible for ().

Remark 2.12. Theorem [Z1I1 shows that if the primal problem is feasible, then 0* > 0 if, and only
if, Slater’s CQ holds for the primal. Equivalently, Item[4 in Theorem [ZI0 means that 6* = 0 if,
and only if, A. has a right singular vector d such that d = 0 and the corresponding singular value is
zero, i.e we could replace (AP) with min {||A.d| : ||d|| = 1,d = 0}. Therefore, we could solve (AP)
using a basis for the nullspace of A., e.g., R(Na) = N(A¢), and an approach based on mazximizing
the smallest eigenvalue:

d & sup {Amin(Nay) : trace(Nay) = 1, |ly|| < 1},
y

so, in the case when 6" =0, both (AP) and (DAP) can be seen as a maz-min eigenvalue problem
(subject to a bound and a linear constraint).

2.4 Rank-revealing rotation and equivalent problems

Following the results from Theorem EZI0 we focus on the case where §* = 0 and R}, N ST, = 0,
where R, is the set of normalized recession directions of ([L2), that is,

no={deS": Ad =0, (d,c) =0, {e,d) =1, d =0} #0.

We have the following observation:

12
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289
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296

297

298

299
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0

301

302
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Proposition 2.13. Suppose Fp # 0, 6* = 0 and int(R7,) = 0. Let d* € ri(R,) have the eigenvalue

decomposition
. dy 0] [PT
d" = [P Q] [0 0:| |:QT:| )
where [P Q] is orthogonal, Q € R™™ and dy > 0. Then fp <1 QSTQT, and R}, C PSP,

Proof. The first claim follows directly from Lemma BTt f, <S% N {d*}+ = QS"QT.

To prove the second claim, recall that (Theorem 18.2 [31]) if face(RY)) is the minimal face
of ST containing R, then ri(R%) C ri(face(R})). Hence d* = Pd.PT € ri(R}) implies that
RY, C face(Ry) = PS"PT. O

Note in particular that the inclusions are independent of the choice of P, Q); it depends only on
the linear subspaces R(P - PT) and R(Q - Q7).

Given the assumptions and notations in Proposition ZI3 we may reduce ([II) to an equivalent
problem over a spectrahedron of lower dimension using (). The reduction is independent of the
specific choice of @ by Proposition EZT3l

T
Proposition 2.14. Suppose that A is surjective; and, let §* =0 and d* = [P Q] [dg 8] [ST] ,

where [P Q] is orthogonal, Q € R™ ™ and dy = 0. Then:
1.

0= min e = (A*y + QuQ™)||. (2.12)

2. If R(Q - QT) N R(A*) = {0}, then for any y1,y2 € Fp, bTy1 = b7y = vp.
3 IFR(Q - Q1) NR(A*) # {0}, let A S — R™ be a surjective map that satisfies
R(A") = R(A) NR(Q-QT).

Let (yq,wq) be an optimal solution to the least squares problem 1), and let cg := c—A*yq.
Then
fPZyQJr{y:CQ—A*vtO, A*y:A*v}.

Proof. 1. For any feasible solution y € Fp, we have ¢ — A*y € R(Q-QT). Therefore, (y, QT (c —
A*y)Q) is an optimal solution to the least squares problem; thus the problem attains an
objective value zero.

2. Since ¢ — A*'y € R(Q - QT),Vy € Fp, we get A*(y2 — y1) = (c — A*y1) — (c — A*ya) €
R(Q - QT) NR(A*) = {0}. Given that A is surjective, we get b = Az, for some & € S”, and

b (y2 — y1) = (&, A*(y2 — 11)) = 0.

13
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3. Any optimal solution (yg,wg) of I3 satisfies ¢ = A*yg + QuoQT, by Item [ Hence

Fp o= {yie—AyeRQ-QT)NSy)
= {y:cq—A'(y—yo) €R(Q-QT)NS}}
= yo+{y:cg—AYyeR@Q -Q")NS}.

Since cg € R(Q - QT), we see that cg — A*y € R(Q - QT) iff Ay € R(Q - QT) N R(A*), iff
Ay = A*v for some v € R™. Consequently,

Fp = yo+{y:cg-AveRQ -QT)NnS, Ay = A*v}
= yo+{y:icg—Av =0, A'y=A"v}

Corollary 2.15. Suppose that §* =0 and

- afs )

solve (AP), where [P Q] is orthogonal, @ € R™*™, d, = 0, and R(Q - QT) N R(A*) # {0}. Let
A St — R™ be a surjective map that satisfies

R(A*) = R(A)NR(Q - Q7).

Let (yg,wqg) be an optimal solution to the least squares problem [ZIZ), and let cg = ¢ — A*yg.
Then

vp =blyg + sup { (/l(AU)))TU QT (cQ - /l*v) Q= O} .
Moreover, if A* = AP for some injective linear map P : R™ — R™, then
vp =blyg + sup {(P*b)TU Q7 (cQ - /l*v) Q= O} , (2.13)
and if v* is an optimal solution of I3, then y* = ygo + Pv* is an optimal solution of ([II).

Proof. Since A is surjective, w get b = AA'b. From Proposition EZT4, we have that

vp = sup{bly:ye Fp}
= yQ+sup{<ATb A* y> :cQ—ft*UEO, A*y:A*v}
= b yQ+sup{<A >:cQ—A*v§O, A*y:fi*v}

b, A*
= byQ—i-sup{( > v:cQ—A*UEO}.
Since cg € R(Q - QT) and R(A*) € R(Q - QT), we have
vp = bTyo + sup { (AATb)Tv Q7 (e - A) Q= o} .

14
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313

If A* = A*P for some injective linear map P : R™ — R™, then A*y = A*v iff y = Po (as A* is
injective), so

Fp=yg+ {Pv:cg— A" = 0}. (2.14)
Since AATb = P* AATH = P*b, we have

vp = bTyg + sup {(P*b)Tv :QTeoQ — QT (A)Q = 0} .

By [ZI4), if v* is an optimal solution of {ZI3), then y* := yg + Pv* is an optimal solution of
D). 0

This gives a theoretical means of reducing a degenerate SDP to one of smaller dimension. In
practice, we would like to avoid the computation of Az for some solution Az = b, directly, as that
requires finding explicitly a particular solution x to the linear system Ax = b. Indeed, it is possible
to express this in terms of the original b without the knowledge of any particular solution x, as long
as we are able to obtain the operator P mentioned in Corollary T8

Proposition 2.16. For any n-by-n orthogonal matriz U = [P Q] and surjective linear operator
A :S™ — R™, there exist m < m and a one-one linear transformation P : R™ — R™ that satisfies

R(A*P) = R(Q-QT)NR(A". (2.15)
and  R(P) = N (PT(A*)P)nN (PT(A*)Q), (2.16)
Moreover, A:S™ — R™ defined by
A() = QT(AP())Q
is surjective.

Proof. Recall that X € R(Q - Q) if, and only if, PTXP = 0 and PTXQ = 0*. For any y € R™,
Ay € R(Q - QT) if, and only if,

m

i=1 =1
which holds if, and only if, y € span{3}, where 3 := {y1,...,yms} is a basis of the linear subspace
{y : Z(PTAiP)yZ- = 0} N {y : Z(PTAiQ)yi = 0} = N(PT(A*)P) NN (PT(A*)Q).
i=1 =1
Now define P : R™ — R™ by

PA=) Xy for A€ R™
i=1

4Recall that for any matrix X € S",
X =PPTxXPPT + PPTXQQT + QQ"XPPT + QQTXQQ",

so X € R(Q-Q7T) if, and only if, PTXP =0 and PTXQ = 0.

15
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318
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320
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322

323

Then, by definition of P, we have
R(A*P) =R(Q- Q) NR(A*) and R(P) =N (PT(A*)P) NN (PT(A*)Q).

The onto property of A follows from ([ZIH) and the fact that both P, A* are one-one®. O

2.5 LP: an example

In this subsection we consider the special case where (L)) is a linear program (and, more generally,
the special case of optimizing over an arbitrary polyhedral cones, see e.g., 32, B3, B0, @9]). If the
original problem does not satisfy Slater’s condition, then one single iteration of facial reduction
yields a reduced problem that satisfies Slater’s condition.

Theorem 2.17. Assume the hypotheses as in Corollary 21, with d* being a maximal rank optimal
solution of (AP). If A; = Diag(a;) for some a; € R™, fori =1,...,m, and ¢ = Diag(c), for some
¢ € R™, then the reduced problem ZI3)) satisfies Slater’s condition.

Proof. Since A;, ¢ are diagonal, without loss of generality we may assume that the solution of (AP)
is diagonal (so is a vector) and satisfies

ko J* n
d —[O}ER,

where d* € R"~" satisfies d* > 0. (Then @ is the submatrix formed by deleting the first n — n
columns of I,,.) Let AT = [ay,...,a,,]. Then forall z=c— ATy >0z, =0fori=1,...,n—n,

and diag(cq) = [2} for some ¢ € R™. Let

A=[A, As],

where A € R™*" and L € R™ ™ be a nullspace representation of AT ie. N(AT) = R(L) and
L has orthogonal columns. Also, noting that R(A*) N R(Q - QT) is a subset of n x n diagonal
matrices,

dug(RAORQ-QN) = {[Y] aly=0]

AlTy} ; }
= 1y = Lo for some v € R™
{ [Aépy Y

= {ATLU T E Rm}.
From Corollary 213, ([TJ) is equivalent to

sup (LTo)Tv st. é¢— ATv >0,
v

where AT = ATL.

°If A*v = 0, noting that A*Pv = QwQ” for some w € S™ by @I, we have that w = 0 so A*Pv = 0. Since both
A* and P injective, we have that v = 0.
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338

If there exists d € R” such that
LTAyd=Ad=0, d'd=0,e"d=1,
then )
Agd e N(LT) = N(AT): = R(Ay).
Therefore, there exists some d € R such that Ajd + Asd = 0. Let

d*
A:=mi t—qjed{l,....n—n}, 1, <0;.

Note that, since df > 0 for i € {1,...,n— 7}, we get A € (0,1). Now, pick any A € (0,)); then the
vector _
. LA T = Nd - Ad
=(1-— -l = 7 2
e a1 < [

and, by the choice of A, satisfies di* > 0 for ¢« = 1,...,n —n. And, d;* > 0, for some i €
{n—n+1,...,n}. Also,

=9

Ad™ = (1-NAd* + M\ M

N (A1d+ Aﬂ) —0,
01" [d .
QTd** _ (CQ o ATyQ)Td** _ |:c:| |:~‘| _ ETd =0.
Therefore we have

1 1 1 1
A koK — T koK — T koK -1 SIS
<éTd**d > 0’ ¢ <éTd**d ) 0’ € <éTd**d > ’ éTd**d - 0’

and the number of nonzeros in d** is greater than the number of nonzeros in d*, contradicting the
choice of d*. O

3 Facial Reduction

We now outline our procedure to find the minimal face fp. Each iteration of our procedure involves
two steps. We first identify 0 # d € (fp)© using LemmaZ3 This means that fp IK «— (K N {d}l)
and the interior of this new K is empty. We then project (P) into span(K); thus we reduce the
dimension of the variables and size of the constraints of our problem, and maintain int K # () for
the new K. (Note that for numerical stability and well-posedness, it is essential that there exists
Lagrange multipliers and that int K # (). Regularization involves both finding a minimal face as
well as a minimal subspace, see [A0)].) We then repeat the process.

Therefore, in the case that int K = (), we need to to obtain an equivalent problem to (P) in
the subspace span(K) = K — K. One essential step is finding a subspace intersection. We can
apply the algorithm in e.g., [I4, Thm 12.4.2]. In particular, by abuse of notation, let Hy, Hy be
matrices with orthonormal columns representing the orthonormal bases of the subspaces H1, Ha,
respectively. Then we need only find a singular value decomposition HlT Hy = USVT and find
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341

342

343

344
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346

which singular vectors correspond to singular values ¥;,i = 1,...,r, (close to) 1. Then both
H\U(:,1:r)and HaoV(:,1: 1) provide matrices whose ranges yield the intersection. For cones such
as S, which possess a “self-replicating” structure, there is an advantage to choosing an isometry
T so that Z(S"} N (K — K)) is a smaller dimensional PSD cone S, .

Algorithm Bl outlines one iteration of facial reduction. The output returns an equivalent
problem (A, b, ) on a smaller face of S” that contains the feasible set Fp; and we also obtain the
linear transformation P, and point yg that are needed for recovering an optimal solution of the
original problem (P). (See Corollary EZ101)

Algorithm 3.1: One iteration of facial reduction
1 Input( A:S" - R™, b e R™, c e S");
2 Obtain an optimal solution (0*,d*) of (AP)

nglidnd s.t. [ Acd]| <6, (e,d) =1, d > 0.

if 0 > 0, then

3 ‘ STOP; Slater CQ holds for (A, b, c).

4 else

5 if d* > 0, then

6 ‘ STOP; generalized Slater CQ holds for (A, b, c) (see Theorem EZT0);

7 else

8 Obtain eigenvalue decomposition

. d, 0] [PT
d" = [P Q] |:0 0] [QT]
as described in 218 with Q € R™*™;

9 if R(Q-QT)NR(A*) = {0}, then
10 ‘ STOP; all feasible solutions of supy{bTy :c— A*y > 0} are optimal.
11 else
12 find P : R™ — R™ satisfying the conditions in Corollary EZT5E
13 solve [ZI2) for (yg,wq);
14 C—wq ;
15 b — P*b;
16 At QTAP())Q;
17 Output( A:S" - R™, b e R™, € S"; yg € R™, P: R™ — R™);
18 end if
19 end if
20 end if

We can take advantage of the fact that eigenvalue-eigenvector calculations are efficient and
accurate to obtain a more accurate optimal solution (6*,d*) of (AP), i.e., to decide whether the
linear system

(Ajydy =0Vi=1,... . m+1 (where Ay41:=¢), 0#d>0 (3.1)

18
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348

349

350
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355

has a solution, we can use Algorithm as a preprocessor for Algorithm Bl  More precisely,

Algorithm 3.2: Solving (AP)

1 Input( Ay,..., Apm, Appgq i= c € S™);
2 Qutput( 6*, P € R™ (=1 . e S" " satisfying dy. > 0; (so d* = PdyP);
3 ) if some of the A; (i € {1,...,m+ 1}) is definite then
4 ‘ STOP; (B1) does not have a solution.
5 else

. - [D o] [UT : . o
6 if some of the A = [U U] [0 0] [071] e{A;:i=1,...,m+ 1} is semidefinite, with

D > 0, then

‘ Az — ﬁTAiﬁ;
else
while 30 # V € R™" such that A,V =0 foralli=1,...,m+1, do

10 % We have that (A4;, VVT)=0Vi=1,...,m+1;
11 STOP; 6* = 0,d* = VV7 solves (AP);
12 end while
13 Use SDP solver to solve (AP).
14 end if
15 end if

Algorithm B2 tries to find a solution d* satisfying (BJl) without using an SDP solver. It attempts to
find a vector v in the nullspace of all the A;, and then sets d* = vv”. In addition, any semidefinite
A; allows a reduction to a smaller dimensional space.

4 Sensitivity Analysis

After solving the auxiliary problem (AP) and obtaining ¢* = 0, we can reduce the problem by
restricting to the face K N {d}*. However, one cannot (numerically) expect that §* = 0.

4.1 Rank-revealing rotation and the minimal face QS’}r_lQT

The next result shows that §* from (AP) is a measure of how close Slater’s CQ is to failing.

Theorem 4.1. Let 6*,d* denote the optimum of the auziliary problem ). Then 6* bounds how
far the feasible primal slacks {c — A*y :y € Fp} are from orthogonality to d*:

sup (d*, C— A*y> < 4
e e I < (A e), 1
v, =0 g le — Ay = 1) -y

where

0% /o min(A) if c € R(A"),
al(A,c) = 4.
(A {5*/min{amm<«4*>,ucN(A>||} if e d RIA). (42)
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Proof. Since (e,d*) = 1 and recalling e := %I, we get

= /nle,d*)? = traced” > ||d*|| > {e,d

) 1

el

If ¢ = A*y, for some y. € R™, then
<d*,C B A*y>
cos O, =
[d*[llc = A*y]|

If ¢ ¢ R(A*), then ¢ — A*y = <.ACN(A)d*, (

0=c— A"y #0,Vy € Fp, and onin(Aj) = min {Umin(A

-y

1

<
. « Ye — Y
=
< 0"
o Jmin(A) '

>>, and by Assumption [[2, we conclude that

), llearcay I} > 0. Therefore the cosine of

the angle 64+, between d* and z = ¢ — A*y is bounded by

<d*7 (Gl A*y>
[d*[[llc = A*y]|

cos O, =

IN

jasil
(1 g
1

[[Acd|| '
-y
min {amm (A*)

)
)

sllearca

O'mm

)1}

O

Theorem ET] provides a lower bound for the angle and distance between feasible slack vectors

and the vector d* on the boundary of S .
a(A,c) is small. Given that §*

For our purposes, the theorem is only useful when
= ||A.d*||, while the lower bound is independent on the scaling

(conditioning) of A., ¢* provides qualitative information about both the scaling of A, and the

distance to infeasibility.

Corollary 4.2. Let §*,d* denote the optimum of the auziliary problem @), as in Theorem [f1);

and let

=P Q|

dy 0

0

20

dj P Q" (4.3)
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with U = [P Q] orthogonal, and dy = 0. Then for any non-zero feasible slack z = c— A*y = 0,
2q = QQ"2QQ" € argmin {||z — q|| : (d,q) = 0,q = 0}, (4.4)
q

and the cosine of the angle between z and zg satisfies

(7o) 1Q7=Ql |
cosb, ., = = >1—alAc)————, 4.5
= ol =~ T M0 S (@) (45)
n 1|
Iz — 2ol? < 2012] | al A, 0 (4.6)

Amin (d+) 7

that is, the angle between any feasible slack and the face R(Q - Q1) cannot be too large in the sense
that N
[l

inf COS 92,2@ > 1-— Oé(A, C)m

z=c—A*y>0

The proof of Corollary EEZ2] can be found in Appendix[Al These results are related to the extreme
angles between vectors in a cone studied in [I8, [[5]. Moreover, it is related to the distances to
infeasibility in e.g., [24], in which the distance to infeasibility is shown to provide backward and
forward error bounds.

We now see that we can use the rotation U = [P Q] obtained from the diagonalization of the
optimal d* in the auxiliary problem (Z4I) to reveal nearness to infeasibility, as discussed in e.g., [24].
Or, in our approach, this reveals nearness to a facial decomposition. We use the following results
to bound the size of certain blocks of a feasible slack z.

Corollary 4.3. Let 6*,d* denote the optimum of the auziliary problem @), as in Theorem [{_1);
and let

* d 0 T
=[P Q] [ N dj P Q] , (4.7)
with U = [P Q] orthogonal, and d. = 0,d4 = 0. Then for any feasible slack z = c — A*y = 0,
T 1) Il {121 |
trace P' 2P < oA, ¢) (||d |2]|d*]]) [|z]] < (A, C)T trace z. (4.8)
Proof. Since
. - dy 0] [PT2P PT2Q
(d*,z) = trace [ 0 de:| |:QTZP 0720
= traced; PT2P +d.Q"2Q (4.9)
> traced  PTzP
> Amin(dy) trace PT 2P,
the claim follows from Theorem Bl O
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4.2 Equivalent problems

With a shift of ¢ in ([ITI), we may use the result from Theorem EZTlto get three optimization problems
equivalent to (P). The equivalent problems indicates that, in the case when 6* is sufficiently small,
it is possible to reduce the dimension of the problem and get a “nearby” problem, under the
assumption that the feasible region is bounded.

First we need to find a suitable shift of ¢, whose use will become apparent in Theorem

Lemma 4.4. Let 0*,d*,U = [P Q] ,dy,d. be defined as in the hypothesis of Corollary [[.3 If
(yg,wq) € R™ x S™ is a best least square solution to the equation QwQQT + A*yg = ¢, that is,
(yg,wq) is an optimal solution to the linear least square problem

.1 .
min o[le = (QuQ" + A"y)|?, (4.10)

then, letting cres == ¢ — (QugoQT + A*yg),
QTcies@ = 0, and A(cres) = 0. (4.11)
Moreover, if 0* =0, then for any feasible solution y of (L)),
c— Ay eR(@Q-QT),
so (y,QT (c — A*y)Q) is an optimal solution of ZI), whose optimal value is zero.
Proof. Let Q(y,w) = %[lc — (QwQT + A*y)||%. Since

Oy, w) = gllell? + 54 + 5wl +(QuaQ”, A%y) — (QTeQ,w) — (Acy),
we have
vV, = A[QuQl —(c— A%y, (4.12)
and V,Q = w-[QF(c—A")Q]. (4.13)

Hence (yg,wq) solves ([ZI3) if, and only if, V,Q(yg,wg) = 0 and V,Q(yg,wg) = 0. Then (EIT)
follows immediately by substitution.

If 0* =0, then (d*, A;) =0 for i =1,...,m and (d*,c¢) = 0. Hence, for any y € R™,
(dy, PT(c = A"y)P) + (de, Q" (¢ = Ay)Q) = (d*, ¢ — A'y) = 0.
If ¢ — A*y = 0, we must have PT(c — A*y)P = 0 (as d; = 0), and so PT(c — A*y)Q = 0. Hence
QR (c — A'y)QQT = c — A%y [

We can now use the rotation from Theorem Bl with a shift of ¢ (to cres + cg) to get three
equivalent problems to (P).

Theorem 4.5. Let 0*,d*,U = [P Q] ,d4,dc be defined as in the hypothesis of Corollary [[.3 Let
& satisfy Az = b and let (wg,yg) be a best least squares solution of the equation QwQT + A*y = c.
Define the matrices

cQ = QwQQT7 Cres ‘= C — (CQ + A*yQ)
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the scalar

At ||o||d*
ﬁZ:Oé(A,C)H +\£%H H’
and the following cone Tg C S} partitioned appropriately with the matriz in EID).
A B n
15 := {z: [BT C’} €S} : traceAgﬁtracez}. (4.14)

ssa Then we get the following equivalent programs to (P) in (IC)):

1. using the rotation U,
vp = sup{bly: [P Q]Tz [P Q] =0,z =c— A*y}

i . p 4.15
(P)por _ sup{bTyi [STZZ gng] =0,2=c— A*y}; (4.15)

2. using the rotation U and the cone Tjg,

pPT:p PT; .
(P)pQ,ag vp = sup {bTy : |:QTzP QTZ?2:| ETB 0,z=c—A y} ; (4.16)

3. with the assumption that (wg,yqg) is a best least square solution of the equation QwQQT +
A*yg = ¢ (as in Lemma[[Z), cres := ¢ — (cg + A*yg) and cg = QugQT,

PTzp PT; N
(P)PQ,Q% vp = bTyQ + sup {bTy : |:QTZP Qng:| tTg 07 Z = Cres + cQ — A y} (417)

Proof. The equivalence of (LIl) with ([IH) follows from the congruence z > 0 if, and only if,

[P Q]T z [P Q] =0, and that with @IH) follows from Corollary EZ3. For D), first note that
for any y € R™,
Z 1= Cres T CQ _A*y = OZC_A*(y+yQ)7

so z = 0 implies y + yo € Fg z € Ts. Hence

Pr.p pPT; " %
Up = SUPy - {bTy : |:QTZP QTZg] =0, z=c— A"y = Cres + cQ — A (y - yQ)}
- PTP PT: .
= sup; . {bT(y +yq): [Qsz Qng] =0, 2= Cres g — A y}

_ [PTzP PT: ‘e
= bTyQ + SUpPg - {bTy : |:QTZP Qng} tTg 0, 2= Cres + cQ — Ay e

385 O

s Remark 4.6. Results from Theorem [f_1], Corollaries [f-3 and [{-3 still hold for the optimization
7 problem in [EZID), if we replace the feasibility condition z = ¢ — A*y = 0 by z = ¢res+cg — A'y = 0.
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4.3 Reduction to a smaller problem
4.3.1 The 6* =0 case

In the case that 6* = 0, we know that the primal feasible region lies on the face QSfLrQT <S%. The
case that 0* = 0 allows for a reduction to a face QSiL_QT < S%. Here we repeat Corollary

Corollary 4.7. Suppose §* =0 and
. dy 0] [PT
d" = [P Q] |:0 O:| |:QT:| )

solve (AP), where [P Q] is orthogonal, Q € R"™", d, = 0. Suppose R(Q - Q") NR(A*) # {0}.
Let (yg,wq) be an optimal solution to the least squares problem 1), cq = ¢ — A*yq, and linear
transformation P be given as in Proposition [Z18 Let

ci=QTcqQ=wgeS% b:=PDeR™ A():=Q" (AP)()Q:S" —R™

Then
A is onto; R(P)CN (PT(.A*-)P) NN (PT(A*-)Q) , (4.18)

and we get the following equivalent reduced program to (P) in (1J).

(P)pga vp = blyg+sup {(5,2}} : A*v Zs1 GV € Rm} . (4.19)

Therefore, we have an equivalent smaller problem. The key is finding the linear transformation
P to satisfy the range condition in (ZI0). We can now apply the auxiliary problem to this smaller
problem to see if we can further reduce the problem or if the Slater constraint qualification holds.

4.3.2 The 6* > 0 case

In general, we cannot determine whether §* = 0 exactly. Therefore, we now consider the important
case when the optimal §* is very small and positive, see Figure [l

0

Figure 1: Minimal Face; 0 < §* < 1

A natural question is, when we find a very small and positive ¢*, if we decide to view it as equal
to zero and project the primal problem to a smaller PSD cone as in the previous section, does the
solution to the smaller problem correspond to some sensible solution to the original problem? The
following theoretical result indicates that the smaller problem is “nearby” to the original one.
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Theorem 4.8. Following the notations as in Corollary[J=q and assuming that R(Q-QT)NR(A*) #
{0} (but 6* is not assumed to be zero), for any v € R™ satisfying cq — A*Lv = 0, there exists
y(= LU+ g) € R™ such that z := cpes + cg — A*y = 0, and

ly — Lo|| < 3\/§ﬂ [Oz(A c)ﬂ} 1/2‘
B Umin(A) ’ )\min(d—i-)

The proof of Theorem follows after the following two lemmas.

Lemma 4.9. The norm of cpes is small in the sense that

el < V3 min (o1 [aa o LEL ]
Cres|| < min Iz ) a4, )5 1

= Y min (d—i-

and for any y € R™ such that z := cg + ¢res — Ay =c— A*(y +9) = 0,
[A*Y — QQTA Q| < 2|z -zl

. 1/2
< 23 [a<A= m”di(('z'g} |

Proof. First we prove the bound on the norm of ¢e. Recall that yg,wq solve the least square
problem

.1 N
min ofle — (QuQ™ + A%y)|?,
and cpes 18 defined by
Cres ‘= C — QwQQT - A*yQ
By optimality, for any y € F),
leres < lle = QIR (¢ = A*PQIQT — A*g[| = |12 - QQT2QQ" ||,
where 2 := ¢ — A*y. Therefore
leres| < min  V2||z]| |a(A c)ﬂ v
resth = z=c—A*y>0 ’ )\min(d—i-)

by Corollary EE2l This proves the first inequality. The second inequality follows immediately from
the first and Corollary EE2}

1A% — QQTAYQQT] < Iz — 2qll + llcws]
< 2z =]
< 23 o oLE ]
o 7 )‘min(d-i-)

Lemma 4.10. For any y € R™, there exists § € R™ and © € R™ such that

y="Po+7, and A[QQT(A*HQQT] =0.
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Proof. Consider the linear least square problem

.1 .
Inin o HQT.A (y — PU)QH2. (4.20)

Recall from Proposition that the map v — QT (A*Pv)Q is onto. Hence ([EZM) has an optimal
solution v. Letting g := y — Pv, the first order necessary optimality condition is given by
PrAIQQT(A'PQQT] =0.
From (ZI6]), we have that
NP = N (PT(A)P)" + N (PT(A)Q)"

= R(AP -POH)+R (AP -Q"+Q -7 PT)),
implying that A [QQT (A*7)QQT] = 0. O
Proof of Theorem [.§ Consider the following convex program:

ming,g 3§+ P@ - 0)|?
st.  Cest+cg— A (G+P0) =0 (4.21)

P*A[QQT(A*§)QQT] = 0.

By Lemma (EI0) and taking any y such that cpes + cg — A*y = 0, @2])) is feasible. Hence (EZZI)
must have an optimal solution. Moreover, all the constraints are linear, so Karush-Kuhn-Tucker
condition is necessary and sufficient for optimality. The Lagrangian of [@2]]) is given by

L300 = 5[5+ P = 0)| = (A s + e — A+ P0) — (0, P A [QQT(A)QQT]).

(4.22)
and
Vil = §+P@—v)+ AN — A[QQT (A" Pu)QQT],
Vil = P*g+ PO —v)] + P AA.
Recalling that R(A*P) C R(Q - QT), the KKT conditions are given by
g+PO—v)+ AN = AA"Pu, (4.23)
P g+P@E—v)] = —PrAA, (4.24)
PAQQTANQQT] = 0, (4.25)
(A, cres +cg — A" (y+Pv)) = 0, (4.26)
Cres + 0o — A ([G+Pi) =0 , A=0. (4.27)

From [(23)) and E2Z4),
P*AA Pu = P*[j + P(0 —v) + AA] = 0,

hence AA*Pu = 0:
JAA*Pul* < || AP A*Pul® = | A|]* (u, P* AA*Pu) = 0.
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Consequently, by complementary slackness,

(A, Cres + cg — A"Pv) = (A, A (§+P(0—v)))
(AN, §+ P(0 —v))
= (AA*Pu—[§+P@ —v),§+ P(® —v))
= g+ P@—v)*

If A =0, we have y + P(0 — v) = 0. For proving Theorem EE], we may assume without loss of
generality that A # 0. Observe that, since cg — A*Pv = 0,

15+ P@—0)* = — (A cres + @ — A™P)
— (A, Cres)
— (A, tres + @ = AN(§ + PO) — g = QQ (A"( + P1))QQ"]
+ [A*(§ + Po) - QQTIA™ (5 + P1)IQQT])
IA] [IIz — QR 2QQ"|| + [|A*(§ + P7) — QQT[A (7 + PD)IQQ"] ,
where z := ¢pes + ¢ — A*(§ + P0). Note that the bound in Corollary 3.15 applies on z too. We

also know how to bound the very last norm from Lemma Finally, since § + P(0 — v) = —AA,
we have

IN

IN

15+ P@ — ) 2 cwin(ANIAG + P~ v)]|.

In conclusion,

la|| 7Y
/\min(d—l—)

3vV2|2|
Jmin(A)

15+ P@ =)l < a(A,c)

O

Theorem also provides a bound on the difference between the optimal values of the original
problem and the smaller problem:

Corollary 4.11. Let
op :=sup{b’v:é— A*v = 0},

where b and A, b, ¢ are defined as in Corollary =4 Then

, o o T T el
op —up < V22l |2 + +
F F Jmin(A) ” H Jmin(Ac) Amin(d—l—) /\min(d—l—) Amin(d—l—)

HCH}- (4.28)

Proof. For any v such that ¢ — A*v = 0, there exists y € R™ such that cyes + cg — A*y = 0. By
Theorem EEX

<B7U>_ <b7y> < ’(b,’P’U—yH

. " 1/2
< Rl gy e on )

Taking supremum over all v such that & — A*v = 0 gives [@Z). O

We can use Theorem E] to provide a lower bound on vp — vp.
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5 Numerical Results

5.1 Worst case instance

From Tungel [AI], we consider the following problem instance with n > 3: b = ey € R", ¢ = 0,
A : S — R" defined by

A = eler{, Ay = eleg + egeip, A = ei_le?_l + ele? + eier{ fori=3,...,n.
It is easy to see that
Fp={c—AyeSt :yeR"} = {pere] : p >0},
(so F, does not contain interior points) and

sup{(b,y) : c— A"y = 0} = sup{ya: —A"y = pere] , p > 0}
= sup{yz : — A"y = —pe1, u > 0} =0,

which is attained by any feasible solution.
Now consider the auxiliary problem

1/2

min | Acd|| = |d3; +4d3y + ) (dio1i-1 + 2d1;) st. (d,e) =1, d>= 0.
=3

An optimal solution is d* = \/ne,el, which attains objective value zero. It is easy to see this is

the only solution®. Therefore, @ from Corollary must have n — 1 columns, implying that the
reduced problem is in S”~!. Theoretically, each facial reduction step via the auxiliary problem can
only reduce the dimension by one. Moreover, after each reduction step, we get the same SDP with
n reduced by one. Hence it would take n — 1 facial reduction steps before a reduced problem with
strictly feasible solutions is found. This realizes the result in [7] on the upper bound of the number
of facial reduction steps needed.

5.2 Generating instances with finite nonzero duality gaps

In this section we give the theory and procedure for generating SDP instances with finite nonzero
duality gaps. Finite nonzero duality gaps and strict complementarity are closely tied together for
cone optimization problems; using the concept of a complementarity partition, we can generate
instances that fail to have strict complementarity; these in turn can be used to generate instances
with finite nonzero duality gaps.

We present these results in a symmetric form. First, set § = ¢, fix £ € Fp, and let £ denote
the nullspace of A, £ = N (A). Note that

—(y,b) = —{y, AZ) +(¢,7) — (¢, T)
= (s,) — (5,x), with s =c— A*y.

S Any solution d attaining objective value 0 must satisfy di; = 0, and by the positive semidefiniteness constraint
di,i=0fori=2,...,nand sod;; =0 for i =2,...,n— 1. dny is the only nonzero entry.
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Therefore, with given data (£,z, s, K), § = ¢, AT = b, we can now write the primal ([CIl) as

(P)  wp=(57) —inf <s,g:~>:se(g+cL)mK}, (5.1)

S

and the dual program in (L) becomes
(D) vp =inf{(s,z) :x € (Z+L)NK"}. (5.2)
xr
Denote the minimal faces for the homogeneous problems (recession directions) by

% = face (El N K) , (5.3)
f = face(LNK™). (5.4)

Then f% C (f2)¢ (equivalently, f2 C (f2)¢). We now introduce the notion of a complementarity
partition, see e.g., HA0].

Definition 5.1. The pair of faces F1 < K, F5, < K* form a complementarity partition of K, K* if
Fy C F5. (Equivalently, F5 C FY.) The partition is proper if both Fy and Fy are proper faces. The
partition is strict if (F1)¢ = Fy or (Fy)¢ = Fy.

At the first step, we would like to generate homogeneous problems with data A : S — R™
whose primal-dual minimal faces do not form a strict complementary partition, that is, minimal
faces of the form

S0 0 00 0
=10 0 0] <sy, =10 0 o |<gsn. (5.5)
0 00 00 S7

We assume that the matrices A; € S™ that define A (and more generally all X € S™) are partitioned
into blocks with diagonal blocks made up of symmetric matrices of size r1,ro, 3, respectively. E.g.,

X1 X2 X3
X = X1T2 Xoo Xo3 | € Sn, Xy € Sri, 1€ {1,2,3}.
XL XL Xss

We choose linearly independent matrices A;,7 = 1,...,m as follows:

1. As a first step, we choose A; = 0,79 = 1,...,p < r3 so that the generated face f}% =
face ({A;}Y_,) satisfies dim(f%) = r3. After performing a rotation if necessary, we have
the face f% <'S" of the form (). Define the subspace L3 by L3 := span{A;}}_,. This
choice implies that

00 O
Ly =span{A;}} | Cspan(fp) = 0 0 0 |eS": X338 5. (5.6)
0 0 Xs3
In addition, this choice yields
X1 X2 0
LsnSE=(fR)=1<|Xn X 0| eSt: X1 €S}, X €SP
0 0 0
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2. If we choose £ = L3, with L3 defined using &0, then f% = (f%)¢, i.e., we have a strict
complementarity partition. However, we want to allow f% to be smaller while maintaining

fg. We now allow additional linearly independent A; € S™,i = p + 1,...,m, indefinite, so
that
face (span{4;}7-, NS%) = fp, (5.7)
but
[0} # ({4 ) 0 (R < (FR)", (5.8)

i.e., the face fg is not increased by the addition of these indefinite A;, but the dual face f,%
is decreased.

Note that it is simple to guarantee that both (B7) and (Z8) hold. Recall that the first p
semidefinite matrices A; = 0. We could then choose m = r{ +ry+ 1 with the single block indefinite
matrix

0 0 A3
A, = 0 Aoy Aoz |, with Ayy = 0, and Aq3 nonzero,
Aly Afy Ass

i.e., within the first 71 + 79 diagonal elements of A,,: we have at least one diagonal element positive;
and, we have at least one diagonal element 0 with a corresponding nonzero element in the same
row. This choice guarantees that (B holds. These two faces form a complementarity partition,
(f%, f2) =0, but not a strict complementarity partition, i.e. (f2)°N (f2)¢ # {0}.

The following lemma provides a general condition for choosing the operator A to ensure that the
feasible sets of both the primal and dual recession fail to form a strict complementarity partition.

Lemma 5.2. Given problem dimensions m and n as above, let r1,79, and r3 be positive integers
that sum to n. Let {A;}7" be a set of linearly independent matrices such that A; = 0,i=1,...,p,
and the cone generated by the matrices {A;}_, takes the form

00 O
face{A;}V_, =10 0 0 | <S%,
00 SB

where the diagonal blocks have size 11, ro, and r3, respectively. Now let Py, for k =22 and k = 13,
denote the projections onto the k = 22 and k = 13 blocks, respectively,

0 0 0 0 0 X3
7722(33): 0 X22 0 N 7713(95): 0 0 0 s
0 0 0 X0 0

and define the linear transformations By : S* — R™, for k = 22 and k = 13, by (By(z)), =
<A27Pk(x)>7 f07’ 1= 17 e, M. If

0 0 (Ai)lg
A = 0 (Ai)gg * esS", i=p+1,---,m, (59)
(A)13 * *
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where the diagonal blocks have the same sizes r1, ra, and r3, respectively, and a star denotes a block
having arbitrary elements, and if the two conditions on the perdiagonal blocks

N(BQQ) N Si = {0}, (5.10)

0
B (St) + R(Bi3) = <Rm—p> C R™, (5.11)
hold, then the primal and dual faces satisfy EX), i.e., these two faces form a complementarity
partition but not a strict complementarity partition.

Proof. We first find £+ N'S? = R(A*) N S?. Taking the dual of each side of (EI), we obtain the
implication

B3,z =0, Bisz=0= 2z=0. (5.12)
That is, for any nonzero z, if Bf;z = 0, then Bi3z # 0. However the (1, 1) block of matrices lying
in R(A*) NS is zero, so the (1,3) block must also be zero. Moreover, the (2,2) block of matrices
lying in R(A*) NS} must be positive semidefinite. Thus A*y € R(A*) NS’} implies that y; = 0 for
i > p. Hence face(L+ NS?) = L+ NS" takes the form given by f% in (EX).

Now let us find LN ST ={X €S} : (4;,X) =0, i=1,--- ,m}. First observe that

0 0

Now it follows from (BI0) that the set {X € ST : (4;,X) =0, i =p+1,--- ,m} has (2,2) block
zero, which forces the second block row and column to be zero:

r1-+72
(X €S : (A, X)=0,i=1,-- ,p} = <S+ 0>.

S0 0
{XGSi(A“X>:O,Z:1,7m}: 0O OO0
0 00

Hence face(£ NS™) = L NS" takes the form given by f9 in BX).
Clearly (f3, f%) = 0, so face(£ N S%) and face(£+ N S?) form a complementarity partition.
However

0
(fp) N (fp)° = S¥ # {0},
0

so the partition does not satisfy strict complementarity. O

Remark 5.3. If the matrices {A;}~, in Lemma [ZA are such that (a) the (2,2) block of A;j is
definite for some index j > p, and (b) the (1,3) blocks of {A;}2, 1 form a linearly independent

set, then (IW) and &I) are satisfied.

We may now choose the matrices z and 5 from (&) and (E2) in the set (f%)°N(f%)¢ to ensure
that (L) and (C2) possess a nonzero duality gap. Specifically, we choose Z and § to satisfy

0 _0 0 0 _0 0 -
T: =10 Xoo 0] >0, 5:=10 S99 0] =0, with trace(XQQSQQ) > 0. (513)
0O 0 O 0 0 O
In Lemma we gave conditions on the matrices {Ay, As, ..., A, } such that a strict comple-

mentarity partition fails to exist. In the following theorem, we show constructively how (A, b, c)
may be chosen so that the SDP instance has a finite positive duality gap.
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Theorem 5.4. Suppose that the matrices A; are such that A;,i = 1,...,p are as in Item O on
page [Z9, so that flog satisfies (), and the remaining A;,i = p+1,...,m are found to satisfy the
structure in [B3). Suppose also that {(Ai)13};Z,, is a linearly independent set, and %, 5 are chosen

to satisfy @I3), and b = A(z) and ¢ = 5 in [LJ) and ().
Consider the following conditions on %, and §:
((Ai)22,0) =0, i=p+1,--- ,m = (Sy,l) =0, (5.14)
((Ai)QQ,X22> =0,1=p+1,---,m. (515)

The following statements holds.

1. All primal feasible points are optimal and vp = 0.

2. If (BI4) holds, then all dual feasible points are optimal and vp = (Xa9,S2) > 0. It follows
that (L) and ([LZ) possess a positive duality gap.

3. If @&I4) fails to hold, but Sa is positive definite, and [BIH) fails to hold, then not all dual
feasible points are optimal, but vp > 0. It follows that (LI and (L) possess a positive
duality gap.

Proof. 1. Since 5 and all matrices in £+ have a zero (1,1) block, all matrices in (5 + £+) N K
have a zero (1,1) block, and hence a zero (1,3) block. In light of the linear independence
assumption on the (1,3) blocks of the A; for i =p+1,--- ,m, we see that

G+ LYHYNK =5+ (L' NK),

ie.

FpC fp=5+fp
Since (z, f2) = 0, it follows that all feasible slacks satisfy (s, Z) = (S22, X22), and the primal
optimal value is vp = 0 for all such points.

2. Using the special structure of the A;, s, and Z, the dual can be written as

Up :g [énf {<5_'22,X22+€> : X'22+€z0, ((Ai)gg,@ =0,1=p+1--- ,m}. (5.16)
cR7T2X7T2
If (ET4) holds, then all feasible ¢ have an objective function value of (Sa2, X92). That is, all
feasible points are optimal, and vp = <§22, X22>.

3. If (ET4) fails to hold, then ¢ = 0 is feasible but no longer optimal for (I6). Equivalently,
x = T is feasible but no longer optimal for (CZ). However, since Sy = 0 and Xop + £ = 0
for any feasible ¢ for (BI0), either the inner product between these two matrices must be
bounded away from zero on the feasible set of (B4, or £ = — X9 is feasible, in which case
vp = 0. The later case is ruled out since by assumption, ([EIH) fails to hold. Hence vp > 0,
so the duality gap is positive.

O
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Name n m Optimal values using SeDuMi Optimal values using SeDuMi
with facial reduction without facial reduction

Example 1 3 2 0 -6.30238e-016
Example 2 3 2 0 +0.570395
Example 3 3 4 0 +6.91452e-005
Example 4 3 3 0 +Inf
FExample 5 10 5 +5.02950e+02 +5.02950e+02
Example 6 6 8 +1 +1
Example 7 ) 3 0 -2.76307e-012
Example 9a | 20 | 20 0 Inf
Example 9b | 100 | 100 0 Inf
RandGenl | 10 5 +1.5914e-015 +1.16729e-012
RandGen2 | 100 | 67 +1.1056e-010 NaN
RandGen3d | 200 | 140 +5.0557e-010 NaN
RandGen4 | 200 | 140 +1.02803e-009 NaN
RandGen5 | 120 | 45 -5.47393e-015 -1.63758e-015
RandGen6 | 320 | 140 +5.9077e-025 NaN
RandGen7 | 40 | 27 -5.2203e-029 +5.64118e-011
RandGen8 | 60 | 40 -2.03227e-029 NaN
RandGen9 60 | 40 +5.61602e-015 -3.52291e-012
RandGenl0 | 180 | 100 +2.47204e-010 NaN
RandGenll | 255 | 150 +7.71685e-010 NaN

Table 1: Comparisons with/without facial reduction

5.3 Numerical results from SeDuMi

TableMshows a comparison of solving SDP instances with versus without facial reduction. Examples
1 through 9 are specially generated problems available online at the URL for this paper given in
the footnote on page Ml In particular: Example 3 has a positive duality gap, vp = 0 < vp = 1;
for Example 4, the dual is infeasible; in Example 5, the Slater CQ holds; Examples 9a,9b are
instances of the worst case problems presented in Section Il The remaining instances RandGen1-
RandGenll are generated randomly with most of them having a finite positive duality gap, as
described in Section These instances generically require only one iteration of facial reduction.
SeDuMi is used.

One general observation is that, if the instance has primal-dual optimal solutions and has zero
duality gap, SeDuMi is able to find the optimal solutions. However, if the instance has finite nonzero
duality gaps, and if the instance is not too small, SeDuMi is unable to compute any solution, and
returns NaN, because the stopping rule (that is, the duality gap being approximately zero) cannot
be met.
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6 Conclusions and future work

In this paper we have presented a preprocessing technique for SDP problems where the Slater CQ
(nearly) fails. This is based on solving a stable auxiliary problem that approximately identifies the
minimal face for (P). We have included a backward error analysis and some preliminary tests that
successfully solve problems where the CQ fails and also problems that have a duality gap. The
optimal value of our (AP) has significance as a measure of nearness to infeasibility.

Though our stable (AP) satisfied both the primal and dual generalized Slater condion, high
accuracy solutions were difficult to obtain for unstructured general problems. (AP) is equivalent
to the underdetermined linear least square problem

min ||A.d|[3 st (e,d) =1, d>0, (6.1)

which is known to be difficult to solve. High accuracy solutions are essential in performing a proper
facial reduction.

Extensions of some of our results can be made to general conic convex programming, in which
case the partial orderings in ([[LIl) and (C2) are induced by a proper closed convex cone K and the
dual cone K*, respectively.

A Proof of Corollary

We would like to prove the following: let ¢*,d* denote the optimum of the auxiliary problem (ZZI),
as in Theorem EZTE and let

&= Q) [dg ﬂ P Q. (A1)
with U = [P Q] orthogonal, and d; > 0. Then for any non-zero feasible slack z = ¢ — A*y = 0,
2Q = QQT2QQ" € argmin {Hz —q|| : (PdyPT,q) =0,q = O} ) (A.2)
and cosine of the angle between z and zg satisfies

cosd. . (2ze) _1QT=Q)
2,2Q T —
0 zllllzell &l

el
/\min(d+)

>1—a(Ac)

Also,

2 2 [
Z—Z <2||z[|*a(A, ¢) —————.

Proof. The orthogonality constraint (Pd+PT, q) = 0,q = 0 can be replaced using the substitution
g=QuwQT,w>=0. Then QT2Q € argmin,,. o ||z — QwQT|| yields the result (AZ). The expression
for the angle follows using

(2, 2q) IRT=QI* _ [Q"=Qll

Izllllzqll — lzllQT=QI ]

(A.3)
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From Theorem BTl the optimal value of the following optimization problem provides a lower bound
on the quantity in (AZ).
Y = min; 1QT2Q||
st (z,dY) <a(Ac)|d (A4)
lz|? =1, =z=0.

Since (z,d*) = <PT2P, d+> + <QT2Q,dE> > <PTzP, d+> whenever z = 0, we have
Y% = v = min, 1QT2Q)|

st. (PTzPdy) < a(Aco)d| (A.5)
Iz|I?=1, z=0.

It is possible to find the optimal value  of ([(AJ). After the orthogonal rotation

=P Q| o]l @

" = PAPT + PBQ" + QB"P” + QCQ",

where A € S, C € ST and B € R®~™*% ([AH) can be rewritten as

¥ = mingpc 1l
s.t. (A,dy) < a(Ac)||ld*|
1| + 2| B|? + IC]? =1 (A.6)
A B "
BT O € S7.
Since
IB|1? < |Al||C|| (A7)

holds whenever (4, B, C) is feasible for ([A), the optimal value of ([A) occurs only if equality
holds in &), i.e., [|A]2+2||B|?+|C|* = (|4l +[|C|)?. Therefore, we get the equivalent problem

y=min{[|C]] : (4,dy) < a(A,Q)[ld"], Al +]Cl =1, AesSi™, CeSi}. (A.8)

The optimal value of ([A§) can be obtained by solving the optimization problem

ma {[|A] (4,d}) < a(A Qd"|, A€}, (4.9)

Let u be a normalized eigenvector for the smallest eigenvalue A\pin(d4) and [V u] be an orthogonal

matrix. Denote the vector v = < 1\/B %e ) and set
— pex

)‘min(d+)

C=(1—[ADerel,  B=/I[A[[C]uei.

(9 (7 3 [5 em

(3 := min {7O‘(A’C)Hd*” , 1} , A = BuuT,

Then



se and (A, B,C) is feasible for [(AF) (and ([AH)), and the corresponding objective value yields the
desired bound.
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The last claim in the corollary follows immediately:

_ 2 2 _”QTZQ”2>
2= zl? = |2l (1 et

* 2
I=17 [1 - (1-atar ) ]
|

)‘min(d+) '
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